The analytical transient acoustic solution and dispersion characteristics for the double-porosity model are obtained over the whole frequency range for a homogeneous medium. The solution is also obtained by approximating the double porosity model with a uniform poro-viscoacoustic model and then constructing the transient response. The comparison between the results of the two models shows the likely validity and limitations of numerical solutions using a poroviscoacoustic model to represent a double porosity medium in the heterogeneous case. Our calculations show that the dissipation by local mesoscopic flow of the double porosity model is very hard to fit over the entire frequency range by a single Zener element. However, since seismic exploration is normally restricted to a fairly narrow frequency band, this means that for frequency-dependent material properties, such as attenuation, the values around the centre frequency of the source will primarily determine the wave propagation characteristics. We choose the relaxation function that just approximates the dispersion behaviour of the double porosity model around the source centre frequency. It is shown that if the frequency is much lower than the peak attenuation frequency of the double porosity model, then wave propagation can be well described by the poro-viscoaoustic model with a single Zener element. For most water-filled sandstones having a double porosity structure, this holds true across the seismic frequency range. The transient solution for the heterogeneous double porosity medium is numerically obtained by a time splitting and Fourier pseudo-spectral staggered-grid method. As illustrative examples, the 2-D wavefield in a two-layer, water-saturated double porosity model are approximated by poro-viscoacoustic and poro-viscoelastic methods, respectively.
Here v is the average particle velocity of the solid grains, q is the macroscopic fluid flux through phase 1, p c is the average total pressure, p f is the average fluid pressure within phase 1. σ D is the average viscous deviatoric stress tensor acting on the solid grains; it is defined as σ D = σ − p c I, where σ and I represent the average total stress tensor and the second-order unit tensor respectively; G(ω) and g(ω) are both real functions that are Hillbert transforms of each other. At the low-frequency limit, G(ω) corresponds to the drained-shear modulus of the composite. The coefficients a * mn (m, n = 1, 2)depend on material parameters and frequency ω. They are listed in Appendix A. However, the DPDP model to date is entirely acoustic and, so, G(ω) and g (ω) are not given in Appendix A.
The linear transport law can be stated as
where ρ f and η are the density and the viscosity of the pore fluid, respectively, and κ * (ω) is the dynamic permeability of the composite medium. Pride et al. (2003a Pride et al. ( , 2004 suggested taking the harmonic mean of the constituents as the best way to approximate it:
Here, κ 1 (ω)and κ 2 (ω) are the dynamic permeabilities (Johnson et al. 1987) of phase 1 and phase 2, respectively, whereas ν 2 is the volume fraction of phase 2.
The conservation of linear momentum equation is expressed as
where ρ is the total average density of the composite.
Eqs (1)- (3) and (5) are the governing equations in the frequency-domain for the double porosity model with a fully embedded phase 2. Since the analytic transient solution can be easily obtained for the acoustic case, we firstly set to zero the shear response in the above equations. The acoustic wave dispersion characteristics are also easily obtained. Taking the divergence of eqs. (3) and (5), combining with eq.(1), eliminating the v and q terms, and adding in a source force term S, we obtain
where
Comparing eq. (6) with eq. (26) in the paper by Carcione & Quiroga-Goode (1996) , we find that there are some differences. On one hand the a * ij elements of the M matrix are complex frequency-dependent values (see Appendix A), whereas the corresponding elements in Carcione's eq. (26) are real values. On the other hand, the effective permeability κ * (ω) in the matrix of eq. (8) is defined by eq. (4), and it's frequency response depends on the combined response of both porous phases following the Johnson model (Johnson et al. 1987) . Eq. (4) is assumed to hold true over the full frequency range (low and high frequencies), whereas Carcione & Quiroga-Goode (1996) use the simplification of η κ * (ω) , given by Biot (1962b) at low frequency and that given by Auriault et al. (1985) at high frequency, respectively. Following their approach, eq. (6) can be solved to get the characteristic equation
where k = |k|, and k is the complex wavevector. The eigenvalues of D are given by
and
The complex velocities are given by
where v = 1, 2 corresponds to the fast and the slow P waves, respectively.
The phase velocities c v and quality factors Q v can be expressed as
The slow wave is very difficult to measure because of the extremely high attenuation. In this paper, we focus on the fast wave. Following Carcione & Quiroga-Goode (1996) and Carcione (2007) , the transient solution of (6) is shown to be
for the 2D solution (line source),
for the 3D solution (point source).
Here H
0 is the Hankel function of the second kind, S = [S, S f ] is a constant vector and set as S = [1, 1] in this paper, whereas h(ω) represents the source frequency spectrum.
The analytical solution in the time domain can be obtained by an inverse Fourier transformation.
For the following example, we choose the source to be a Ricker wavelet time function (from Carcione & Quiroga-Goode 1995) :
where t 0 = 3/ f c and f c is the centre frequency. To compare with the numerical solutions in the following sections, the source term in eq. (14) should be written as
where F( f (t)) means the Fourier transform of f (t).
Poro-viscoacoustic model
Based on the double porosity model, the poro-viscoacoustic model is obtained by replacing the complex modulus in the constitutive equations by the viscoacoustic model (Carcione 2007) . Eq.(1) can be rewritten as
where a − * i j (ω) is the complex modulus matrix and equal to the inverse of matrix a * ij (ω). The general form of eq. (21) can be rewritten in terms of relaxation functions ψ mn (m,n = 1,2) in the time domain as
Here * denotes time convolution. This equation is obtained by assuming homogeneous media; therefore the simulation based on the equation has this approximation. The Fourier transform of eq. (22) is:
whereF denotes Fourier transformation.
We use the Zener model to represent the relaxation functions and investigate the discrepancy between this replacement and the double porosity model.
The relaxation functions of the Zener model are given by Carcione (1996 Carcione ( , 2007 as
where H (t) refers to the Heaviside (unit step) function, and
In equ 2.24 ψ mn (t = ∞) are the values of the relaxation function at infinite time, which will determine the velocity of propagation; L mn is the number of standard linear solid elements or Zener elements of ψ mn ; τ εl mn andτ σ l mn are the relaxation times of the average particle velocity and the average stress of the solid phase, which will determine the attenuation property.
The Fourier transform F(ψ mn ) is
Inserting eq. (26) into eq. (23) and comparing with (21) we find that:
Setting ω = 0 and ω = ∞ results in
By eq. (25),
This means
Combining eqs (32), (29) and (31) gives,
If the Zener model can fully describe the double porosity model, then both eq. (28) and (33) must be satisfied. However, as we will see the Zener element cannot fully represent the double porosity model. On the other hand, since all the field quantities of double porosity theory are defined as the volumetric average values, which require that the wavelength is larger than the size of mesoscopic heterogeneities, this assumption will not be valid for infinite (very large) frequency. In the following calculations, all terms a − * mn (ω = ∞)should be replaced by a − * mn (ω = 0)through eq. (33).
Eqs (23), (5) and (3) are the governing equations of the poro-viscoacoustic model in the frequency domain. Taking the divergence of eqs (5), (3), combining with eq. (23) and eliminating v(ω) and q(ω), we obtain the dispersion equation for homogeneous poro-viscoacoustic waves. It can be expressed by
Adding in a source force term S to the above equation and rewriting it we get
where S and are defined in eqs (7) and (8). The other terms are defined by
The eigenvaluesλ 1,2 of N −1 are given bŷ
Similarly, the transient solution of (35) can be obtained by replacing λ 1 and λ 2 in (17) and (18) withλ 1 andλ 2 , respectively. The hat symbol '
∧ ' above λ implies the value of the poro-viscoacoustic model.
To fully represent the double porosity model means that the Zener elements should be chosen to makeλ 1,2 = λ 1,2 over the whole frequency range. Carcione (1998) shows that just one relaxation mechanism is enough for characterising each dissipation mechanism of squirt-flow, or the Biot mechanism. However, in the double porosity model, because the local mesoscopic flow is included in the complex modulus, we try the same Zener model for the averaged movements v and q of both the solid frame and pore fluid. Therefore we assume a single Zener element with one set of relaxation times which meansτ
The relaxation times will be determined by the peak inverse quality factor 1/Q( f p )and the frequency f p of the double porosity model, in the following way:
VA L I D I T Y A N D L I M I TAT I O N S
We now wish to examine the limitations and range of applicability of the poro-viscoacoustic model in double porosity media. We do so by means of specific examples. Two sample double porosity materials are denoted as Material A and Material B. Both materials have sandstone as the host rock (phase 1) and a volume fraction 3 per cent of sand as the inclusions (phase 2). Material A corresponds to a depth of 100 m and material B to a depth of 10 m according to Walton theory and the Hashin and Shtrikman bound (see Pride et al. 2004 for details). The material properties are listed in Table 1 , and the physical meaning of the parameters is explained in Appendix A. By means of eq. (13), the phase velocity c( f p ) and attenuation 1/Q( f p ) dispersion curves of the double porosity model for materials A and B are computed and shown as the solid lines in Figs 1 and 2. In Fig. 1 , for the material A, the peak inverse quality factor 1/Q( f p ) is 0.0437 (Q ∼ = 23) at a peak frequency f p of 14 788 Hz, at which the phase velocity c( f p ) is 2957 m s -1 . In Fig. 2 , for material B, the peak value of 1/Q( f p ) is 0.0972 (Q ∼ = 10) and f p is 4471 Hz, with a corresponding c( f p ) of 2757 m s -1 . The peak frequency f p refers to the frequency at which the mesoscopic structure just has time to equilibrate in one cycle.
The phase velocitiesĉ( f p ) and inverse quality factors 1/Q( f p )of the visco-acoustic model can be obtained by inserting (39) into (26) and usingλ 1 in (37) to replace λ 1 in (12) and (13). The results are shown as the dashed lines in Figs 1 and 2 for homogeneous material A and B, respectively. They have the same peak frequency f p as those of the solid lines.
Comparing the dashed line with the solid line in each figure reveals a significant discrepancy between the double porosity model and poro-viscoacoustic medium. Although the peak inverse quality factors 1/Q( f p ) and 1/Q p are very similar around the peak frequency f p , the phase velocityĉ is much different from c when the frequency is near f p . This means that the dissipation mechanism of local flow of the double porosity model is very hard to be fit by one Zener element, which is inadequate to approximate the wave in the double porosity model over the whole frequency range.
However, the wave pulse used in field seismic exploration is usually at lower frequencies, less than several hundred hertz and has a relatively narrow band. This means that for frequency-dependent material properties, only the values around the centre frequency of the Table 1 . Material properties of the sample rocks and fluids.
Grain and fluid Parameter
Grains Parameter Water
Materials A and B (corresponding to 100-and 10-m-depth double porosity sandstone) Parameter Phase 1 Phase 2 Parameter Composite 
Note: The physical meaning of the various parameters is explained in Appendix A. Subscript j denoting Phase 1 or 2 * implying material B seismic source f c will determine the wave propagation. Therefore, we choose the relaxation function that just needs to approximate the dispersion behaviour of the double porosity model around f c , which is also the peak frequency of the Zener element. Now we use the dispersion curves of the double porosity model to determine the relaxation times of the poro-viscoacoustic model. By eq. (39) and replacing f p with f c and 1/Q( f p ) with 1/Q( f c ), we get
It should be noted that the phase velocity of the double porosity model c( f c ) does not enter into the poro-viscoacoustic model, which actually depends on c( f = 0).
We choose two different frequencies, f c equal to 1000 and 50 Hz, and plot the dispersion curves ofĉ( f c ) and 1/Q( f c ) of the poroviscoacoustic model as the dotted and the dash-dot lines, respectively, in Figs 1 and 2. The dispersion values at the peak or central frequency 
are shown in Table 2 . This table and the two figures show that there is good agreement between the attenuation of the poro-viscoacoustic model and that of the double porosity model at the centre frequency f c , but the agreement of the phase velocity depends on f c . When f c is near to f p or the peak attenuation frequency of the double porosity model, the phase velocitiesĉ( f c ) and c( f c ) are very different. However, f p of material B (corresponding to sandstone at 10 m depth) is already 4470 Hz, and the f p at larger depth will become much larger. So, for a seismic survey having frequencies typically less than 100 Hz, a Zener element still well approximates the double porosity sandstone.
For example, Table 2 shows that the phase velocity difference betweenĉ( f c ) and c( f c ) is less than 1 per cent for f c = 50 Hz. In this case, f c is much lower than f p , and then the poro-viscoacoustic model can be confidently applied to successfully approximate the double porosity medium.
By the fact that a single Zener element produces good agreement in attenuation with that of the double porosity model at the centre frequency of the Zener element, we can infer that several Zener elements around the centre frequency of the source wavelet could make for excellent agreement of the attenuation with the double porosity in the narrow frequency band of the source wavelet. However, it is very hard to make a good match of the velocity dispersion between the two models if they are apparently different at the centre frequency of f c . This means that if a single Zener element gives a significantly different velocity to that of the double porosity model at f c , then several Zener elements with their centre frequencies around f c will not to eliminate the difference. Therefore, this difference will limit the application of the poro-viscoacoustic model.
We have calculated 2-D analytical transient solutions of the average pressure wave p c and the average fluid pressure wave p f in homogeneous double porosity materials A and B and the corresponding poro-viscoacoustic model as well. Computations of waveforms were done for receiver distances of 283 and 849 m and a source centre frequency of 50 Hz and receiver distances of 14.1 and 42.3 m for a source centre frequency of 1000 Hz. For the 50 Hz source, the amplitudes of p c and p f were normalized to the peak value of p c at a distance of 283 m; and for the 1000 Hz source, the normalization was with respect to peak values at a distance of 14.1 m. Fig. 3 shows the p c waveform (upper diagram) and the p f waveform (lower diagram) with a source centre frequency of 50 Hz for material A. The corresponding waveforms for a source centre frequency of 1000 Hz are given in Fig. 4 . The very good agreement between the double porosity model and the poro-viscoacoustic model means that the double porosity sandstone can be adequately approximated by the poro-viscoacoustic model with only one Zener element in both cases. Fig. 5 shows the p c waveform (upper diagram) and the p f waveform (lower diagram) with a source centre frequency of 50 Hz for material B. Good agreement between the double porosity model and the viscoacoustic model only occurs for the lower frequency (f c = 50 Hz). However, for the source with f c = 1000 Hz, the results, which are shown in Fig. 6 , are very different from each other. In this case, the double porosity sandstone cannot be approximated by the poro-viscoacoustic medium.
Such a comparison provides a criterion for checking the validity of the approximations. If an acoustic wave in a heterogeneous double porosity medium needs to be numerically simulated through the approximation of the poroviscoacoustic model, then the source centre frequency should be much lower than the lowest peak attenuation frequency of every component making up the heterogeneous medium.
2 -D N U M E R I C A L S O L U T I O N I N A H E T E RO G E N E O U S M E D I U M
The previous treatment was for homogeneous media, for which we were able to derive analytic transient solutions. Now we consider heterogeneous models. First, we present the governing equations in time-domain form.
The linear transport laws eq. (3) can rewritten in the time domain as
where F −1 means inverse Fourier transformation. The convolution term in (41) represents Biot's attenuation and can also be approached by the introduction of relaxation functions and memory equations. For the sake of simplicity, only the low-frequency range will be considered in the numerical modelling. According to Biot (1962b) , at low frequency (lower than Biot's relaxation frequency ω c ), the above equation can be written as
where m = Tρ f /φ; φ the overall porosity, κ * 0 the effective static permeability of the double porosity composite and T denotes the tortuosity (we assume T ≈ φ −2/3 ).
The conservation of linear momentum (eq. 5) can be written in the time domain as
Eqs (2), (22), (42) and (43) constitute the poro-viscoelastic governing equations of double porosity media in the time domain. Based on our previous findings, a single Zener element can well describe the double porosity medium under the condition that the centre frequency is much lower than the peak attenuation frequency. The wave in the heterogeneous double porosity medium can be solved numerically by the poro-viscoelastic model. We apply relaxation functions of the Zener model to eqs. (22) to get two different sets of memory equations for the solid and the fluid, respectively; and if we choose a single relaxation function, the 2-D constitutive equations can be approximated as follows using three memory variables e v , e q and e s (see Appendix B for details). The governing equations can be written in matrix form aṡ
where the quantity F is the field vector to be solved, given by
The quantity S is the source vector, which can be written as
In eq. 44, the quantity M is the propagation matrix, which can be specified by the expanded form of eq. (44) as followṡ
Here, eqs (47)- (50) are obtained from eqs (42) and (43), the relaxation times τ ε and τ σ are determined by eq. (40), m is defined in eq.
(42) and we also have
The stiff parts of the 2-D governing equations (47-50) are the terms with η κ * β i j q 1l , which can be solved by a time splitting method (Carcione J.M. 1995 (Carcione J.M. , 1996 ; and the non-stiff parts can be solved by an explicit fourth-order Runge-Kutta method. The Fourier pseudo-spectral staggered-grid method is used to calculate the spatial derivatives (Carcione & Hellet 1999) .
We will now consider two specific numerical examples using the same two-layer DPDP medium but apply poro-viscoacoustic and poro-viscoelastic models, respectively. The former numerical solution will be compared with the analytical solution of DPDP theory. The poro-viscoacoustic governing equations are obtained by ignoring the shear response (see Appendix B). A staggered grid of 258 × 258 points is used, and the source functionsṠ andṠ f are taken to be Ricker-type wavelets, eq. (19), with a central frequency of 50 Hz. The two-layer heterogeneous 2-D model, shown in Fig. 7 , has as its upper layer the double porosity material B, whose properties are listed in Table 1 . To get a strong reflection, the lower layer is chosen as the Biot porous medium, which corresponds to the phase 1 sandstone at a depth of 10 km by Walton theory (see Pride et al. 2004 for details) . It has a porosity of 0.1, a permeability 1.0 × 10 -16 m 2 , a drained bulk modulus 2.925 × 10 10 N m −2 and a shear modulus 3.04 × 10 10 N m −2 . As a special case of the double porosity model, we set the volume fraction of phase 2, v 2 , to be equal to zero. The Biot porous medium does not have the internal flow mechanism and the relaxation frequency of the Biot viscodynamic mechanism is set at 1.0 × 10 +8 Hz. So, both materials can be well described by the poro-viscoacoustic model for the source wave having a 50 Hz centre frequency. The source is located at the point x = 1280 m and z = 1280 m; the interface is at z = 1460 m. The wavefield snapshots of p c and p c at 300 ms are shown in Figs 8 and 9 , respectively. Both p c and p f show a strong reflection wave front, which is the result of the interface of the macroscopic heterogeneity. Fig. 9 shows that the p f wave front has a similar pattern with that of p c .However, the value of p f around the source point remains very high, which means the double porosity model also has an average slow P wave, which was not explicitly discussed in this paper, but which arises in the numerical solution. The high level attenuation in the double porosity material (upper layer) can be illustrated by the p c waveform (see the left-hand side of Fig. 10 ) recorded by the three receivers located at distances of 283, 566 and 849 m from the source (see Fig. 7 ). The right-hand side of Fig. 10 shows the corresponding acoustic pressure waveform for a two-layer pure acoustic model (no intrinsic attenuation), having the same geometrical structure as our two-layer porous media. The layer densities of the pure acoustic model are equal to those of the porous model; whereas the two wave speeds of the pure acoustic model are the same as the velocities of the upper and lower porous layers at a frequency of 50 Hz . On the right-hand side of the figure, the change of maximum amplitude with distance from the source reflects pure geometrical spreading of the wave front and loss due to reflection of energy. Compared with the pure acoustic situation (right-hand side), the maximum amplitudes of the direct wave on the left-hand side of the figure (viscoacoustic case) significantly decrease with increasing distance. This indicates very strong attenuation caused by the local flow mechanism of the double porosity model.
Since material B forming the upper layer and the source-receiver distances for receivers designated 1 and 3 are the same as that in Fig. 5 , we now compare the p c waveform computed with our numerical method against the analytical p c waveform of the poro-viscoacoustic model in Fig. 5 for a homogenous medium (note the good agreement between the double porosity model and the visco-acoustic model). Results are shown in Fig. 11 . Apart from the reflected wavelet (in the inhomogeneous case), the normalized p c waveforms at the same distances perfectly coincide. This clearly verifies the correctness of our numerical method and the computer code. Snapshot of the rock-frame vertical particle velocity at 300 ms in a two layer heterogeneous poro-viscoelastic media. The upper layer and the lower layer are the same rocks shown as in Figs 8 and 9 (for the visco-acoustic case) but now having non-zero shear modulus (viscoelastic case). The source pulse has a centre frequency of 50 Hz. The distances are shown along X and Z axes, with a grid spacing of 10 m. The source is located at (1280 m, 1280 m) and the interface is at Z = 1460 m. Along the central vertical axis, from top to the bottom, there are six wave fronts corresponding to the direct P wave, the reflected P and the direct S waves(interfering), the reflected S wave, the transmitted S and P waves, which are denoted as dP, rP, dS, rS, tS and tP, respectively.
For the same rock model, we extend the solution for the poro-viscoacoustic model to poro-viscoelastic case, which takes account of the shear waves and therefore is more realistic. The shear wave relaxation times of the upper layer are chosen to be the same as those of the P wave. The source is chosen as
Here the pulse f (t) is given in eq. (19) (from Carcione & Quiroga-Goode 1995) .
To compare with the poro-viscoelastic wave patterns published by Carcione & Hellet (1999) and Carcione & Seriani (2001) , we show in Fig. 12 the wavefield snapshot of the average solid particle velocity at a time of 300 ms. Shear waves including the direct, the reflected and the transmitted shear waves are clear, along with the reflected and the transmitted P waves. The refracted S and P waves are excited along the interface and form the head wave. The P waves in both the upper and lower layer are much faster that those in Figs 8 or 9. It is clear that the shear moduli increase the P-wave moduli over those the poro-viscoacoustic case in which the shear moduli were set to be zero.
C O N C L U S I O N S
In this paper, we have analytically solved for the phase velocity and inverse quality factor (attenuation) dispersion characteristics, as well as the analytical transient pressure waveform for a homogeneous acoustic double porosity model and for a poro-viscoacoustic model. By the method of fitting the relaxation times to the value of the quality factor of the double porosity model at the centre frequency of the Zener element, the suggested poro-viscoacoustic model with a single Zener element can be used for the transient solution of the wave in a double porosity model. The restriction, however, is that the centre frequency of the source wavelet is much lower than the relaxation frequency of the internal mesoscopic flow. At low frequency, the tail of the mesoscopic peak can be well approximated by one flank of the Zener peak. However, it is worth noting that a Kelvin-Voigt(KV) element as a replacement for the Zener element can be a better approximation in this case, since attenuation 1/Q of the KV element is proportional to frequency ω (Carcione 2007; Carcione et al. 2004) We have extended the poro-viscoacoustic model to the poro-viscoelastic case, which incorporates shear waves and is therefore more realistic. For heterogeneous double porosity 2-D media, we obtained numerical transient solutions by means of poro-viscoelastic modeling, using a time splitting method for the non-stiff parts. We used an explicit fourth-order Runge-Kutta method for the time integration and a Fourier pseudospectral staggered-grid for handling the spatial derivative terms (Carcione J.M. 1995 (Carcione J.M. , 1996 . For the same rock model, the poro-viscoacoustic solution is a special case of the poro-viscoelastic solution. Comparison with the analytical solution for a homogeneous model shows the correctness of this approach.
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(A14)
A P P E N D I X B : T H E M E M O RY VA R I A B L E S A N D E Q UAT I O N S
Carcione ( ∂ t ψ mn = ψ mn δ(t) + ∂ t ψ mn H (t).
Then, the right-hand side of eq. (22) can expressed as
Here m = 1, 2 and the above equations can be rewritten as
The memory variable e mn can be defined as
Then eq. (22) 
To obtain the memory equations, e m1 can be extended (or integrated) as follows:
Then, we have
Substituting eq. (25) 
The time derivative of (B9) gives the memory equation 
